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Content for this lecture

1. Lattice theory and fix points
2. Fix point characterisation of CTL
3. Symbolic fix point algorithm for CTL



Fix Points

Complete Lattices and Fix Points
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Partially Ordered Set (poset)

(L, <) aposetif <:
o reflexive, x < x
o anti-symmetric, Xx < yAy< X = XxX=Y

o fransitive, x < yAy<z = x<2Zz

Examples

(P(X), Q)

(Z, <)
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Upper/Lower Bounds
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Upper/Lower Bounds

Upper bound
UB(E)
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Upper/Lower Bounds

Upper bound
UB(E)

L B(E)
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Upper/Lower Bounds

Upper bound
UB(E)
Least upper bound

M € UB(E) A M < UB(E)

L B(E)
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Upper/Lower Bounds

Upper bound
UB(E)
Least upper bound

M € UB(E) A M < UB(E)

L B(E)

m € LB(E) A LB(E) < m
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Upper/Lower Bounds

Upper bound
LUB and GLB unique UB(E)
(when they exist) Least upper bound

M € UB(E) A M < UB(E)

L B(E)

m € LB(E) A LB(E) < m
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(Complete) Lattice

(L, <) is a lattice iff every pair (x, x’) of L has a LUB and GLB
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(Complete) Lattice

(L, <) is a lattice iff every pair (x, x’) of L has a LUB and GLB

(Z, <) (P(X), Q)

2017 © P. Hofner COMP3153



(Complete) Lattice

(L, <) is a lattice iff every pair (x, x’) of L has a LUB and GLB

(Z, <) (P(X), Q)

2017 © P. Hofner COMP3153



(Complete) Lattice

(L, <) is a lattice iff every pair (x, x’) of L has a LUB and GLB

(Z, <) (P(X), Q)

2017 © P. Hofner COMP3153



(Complete) Lattice

(L, <) is a lattice iff every pair (x, x’) of L has a LUB and GLB

(Z, <) (P(X), Q)

(L, <) is a complete lattice iff every subset of L has a LUB and GLB

2017 © P. Hofner COMP3153 8



(Complete) Lattice

(L, <) is a lattice iff every pair (x, x’) of L has a LUB and GLB

(Z, <) (P(X), Q)

(L, <) is a complete lattice iff every subset of L has a LUB and GLB
Special elements: LUB(L) = T and GLB(L) = L
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(Complete) Lattice

(L, <) is a lattice iff every pair (x, x’) of L has a LUB and GLB

(Z, <) (P(X), Q)

(L, <) is a complete lattice iff every subset of L has a LUB and GLB
Special elements: LUB(L) = T and GLB(L) = L

(P(X), Q)
(Z U {_OO! +OO}! S)
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(Complete) Lattice

(L, <) is a lattice iff every pair (x, x’) of L has a LUB and GLB

(Z, <) (P(X), Q)

(L, <) is a complete lattice iff every subset of L has a LUB and GLB
Special elements: LUB(L) = T and GLB(L) = L

(P(X), Q)
(Z U {_OO! +OO}! S)

(Z, <)
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(Complete) Lattice

(L, <) is a lattice iff every pair (x, x’) of L has a LUB and GLB

(Z, <) (P(X), Q)

(L, <) is a complete lattice iff every subset of L has a LUB and GLB

Special elements: LUB(L) = T and GLB(L) = L

(P(X), Q)
(Z U {_OO! +OO}! S)

(Z, <)
(Q, <)
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Fix Points and Complete Lattices

(L, <) poset
f:L— Lismonotonicif x <y = f(x) < f(y)
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Fix Points and Complete Lattices

(L, <) poset
f:L— Lismonotonicif x <y = f(x) < f(y)

X is a fix point if x = f(x)
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Fix Points and Complete Lattices

(L, <) poset
f:L— Lismonotonicif x <y = f(x) < f(y)

X is a fix point if x = f(x)

Knaster-Tarski Theorem:

f is monotonic and (L, <) is a complete lattice then

f has a least and a greatest fix point.
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Properties of Fix Points
Ifo(f) = GLB({x € L, f(x) < x})
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Properties of Fix Points
Ifo(f) = GLB({x € L, f(x) < x})
1. X={x € L, f(x) < x}, m= GLB(X)
2. T>FKT)and T € X
f monotonic: Vx € X, f(m) < f(x) < x
f(m) € LB(X) and f(m) < m
f monotonic: f(f(m)) < f(m) and f(m) € X
m c LB(X) and m < f(m)

N o 0o & W

. Z=f(zZ)thenze Xandm< z
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Properties of Fix Points
Ifp(f) = GLB({x € L, f(x) < x}) gfp(f) = LUB({x € L,x < f(x)})
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Properties of Fix Points
Ifp(f) = GLB({x € L, f(x) < x}) gfp(f) = LUB({x € L, x < f(x)})
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Computation of Fix Points on Finite Sets

(L, <) a finite lattice

f: L — Lismonotonic
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Computation of Fix Points on Finite Sets

(L, <) a finite lattice
f: L — Lis monotonic 1 =@GLB(L) and T = LUB(L)

3k < |L|, fp(f) = F5(L)
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Computation of Fix Points on Finite Sets

(L, <) a finite lattice
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L H(L) [F(F(L)) fi(L) fi(L)
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Computation of Fix Points on Finite Sets

(L, <) a finite lattice
f: L — Lis monotonic 1 =@GLB(L) and T = LUB(L)

3k < |L|, Mp(f) = f*(L)
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L H(L) [F(F(L)) fi(L) fi(L)




Computation of Fix Points on Finite Sets

(L, <) a finite lattice

f: L — Lismonotonic

3k < |L|, fp(f) = F5(L)

| = GLB(L)and T = LUB(L)

L]

f(L)

f(f(1))

Fi(L)

fi(L)
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Computation of Fix Points on Finite Sets

(L, <) a finite lattice
f: L — Lis monotonic 1 =@GLB(L) and T = LUB(L)

3k < |L|, Mp(f) = f*(L)
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Computation of Fix Points on Finite Sets

(L, <) a finite lattice
f: L — Lis monotonic 1 =@GLB(L) and T = LUB(L)

Jk < |L|, Ifp(f) = F*(_L)
y = Ky)

L H(L) [F(F(L)) fi(L) fi(L)




Computation of Fix Points on Finite Sets

(L, <) a finite lattice
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Computation of Fix Points on Finite Sets

(L, <) a finite lattice
f: L — Lis monotonic 1 =@GLB(L) and T = LUB(L)
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Computation of Fix Points on Finite Sets

(L, <) a finite lattice
f: L — Lis monotonic 1 =@GLB(L) and T = LUB(L)

Jk < |L|, Ifp(f) = F*(_L)
y = Ky)
y 'y

L H(L) [F(F(L)) fi(L) fi(L)




Computation of Fix Points on Finite Sets

(L, <) a finite lattice
f: L — Lis monotonic 1 =@GLB(L) and T = LUB(L)

Ik < |L|, Ifp(f) = F¥(L)
y = i(y)
y |y y y y

L H(L) [F(F(L)) fi(L) fi(L)




Computation of Fix Points on Finite Sets

(L, <) a finite lattice

f: L — Lis monotonic 1 =@GLB(L) and T = LUB(L)
3k < |L|, Hp(f) = F*(L) In < |L|, gfp(f) = F(T)
y = 1(y)

y y y y y

L H(L) [F(F(L)) fi(L) fi(L)




Computation of Fix Points on Finite Sets

(L, <) a finite lattice

f: L — Lis monotonic 1 =@GLB(L) and T = LUB(L)
3k < |L|, Hp(f) = F*(L) In < |L|, gfp(f) = F(T)
y = 1(y)

y y y y y
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Computation of Fix Points on Finite Sets

(L, <) a finite lattice

f: L — Lis monotonic 1 =@GLB(L) and T = LUB(L)
3k < |L|, Hp(f) = F*(L) In < |L|, gfp(f) = F(T)
y = 1(y)

y y y y y

L H(L) [F(F(L)) fi(L) fi(L)




Algorithm to Compute LFP/GFP

Procedure ComputeFixPoint(f : E — E, . € {1, T})

/* f is monotonic */
/* E finite and | = GLB(E), T = LUB(E) */
1 P := L,
2 N := f(P);
3 while P Z N do
4 P:=N;
5 \\ N = f(N);

6 return N;

Ifp(f) = ComputeFixPoint(f, L) gfp(f) = ComputeFixPoint(f, T)



Successors/Predecessors
A labeled automaton A = (Q, go, X, 6, L)

X 5 o(X)
5(X) = | J{x' | x'€ 6(x)} X

xeX
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Successors/Predecessors
A labeled automaton A = (Q, go, X, 6, L)

X 5 o(X)
5(X) = | J{x' | x'€ 6(x)} X

xeX

5—1(Y) y

7' = (Y 1y e 6y}
yeyY
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Example — 1
(S) = ({qo} U S) U §(S)



Example — 1

f(S) = ({qo} U S) U 4(S)
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Example — 1

f(S) = ({qo} U S) U 4(S)
1. Reach({qo}) is a fix point
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Example — 1

f(S) = ({qo} U S) U 4(S)

1. Reach({qo}) is a fix point
Reach(qo) C f(Reach(qo))
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Example — 1

f(S) = ({qo} U S) U 4(S) Reach({qo}) = Ilfp(f)
1. Reach({qo}) is a fix point
Reach(qo) C f(Reach(qp)) — 9o
q € f(Reach(qo)): 9 = qo
or g € Reach(qop) l

or q € d(Reach(qo))



Example — 1

f(S) = ({qo} U S) U 4(S) Reach({qo}) = Ilfp(f)
1. Reach({qo}) is a fix point
Reach(qo) C f(Reach(qp)) — 9o
q € f(Reach(qo)): 9 = qo
or g € Reach(qop) l

or q € d(Reach(qo))
2.Reach({qo}) is the least fix point



Example — 1

f(S) = ({qo} U S) U 4(S) Reach({qo}) = Ilfp(f)
1. Reach({qo}) is a fix point
Reach(qo) C f(Reach(qp)) — 9o
q € f(Reach(qo)): 9 = qo
or g € Reach(qop) l

or g € 6(Reach(qop))
2.Reach({qo}) is the least fix point
Y = f(Y)
q € Reach(qo): o — g l
Prove: Vn, if qq LI gtheng e Y g



Example — 1

f(S) = ({go} U S) U 4(S) Reach({qo}) = Ilfp(f)
1. Reach({qo}) is a fix point
Reach(qo) C f(Reach(qp)) —{ o
q € f(Reach(qo)): 9 = qo
or g € Reach(qop) l

or q € d(Reach(qo))
2.Reach({qo}) is the least fix point

Y = f(Y)
g € Reach(qo): g0 — q
Prove: Vn, if qq LI gtheng e Y g

0. Reach({qo}) is NOT the greatest fix point



Example — 1

f(S) = ({qo} U S) U 4(S)
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Example — 1

f(S) = ({qo} U S) U 4(S)

2017 © P. Hofner

COMP3153

Reach({qo}) = Ifp(f)

O

15



Example — 1

7(S) = ({qo} U S) U §(S) Reach({go}) = Ifp(f)
fk(@) —> qo

So =0

S1 = f(So) = {Clo} l

S; = K(S1) = {0, g1}

S3 — f(SZ) = {qﬂs a1, q2} g1 «—— g3
Sa1=1(S3) ={q0, 01,92} = S3 l

(¢ )



Example — 2

33333333



Example — 2
K={q|qEEG-@}

N\

33333333



— 2
Example .
K={q|qEE
f(S)=(—O)N s 1(S)

—> o

L\

g —{ g

e

;s —> Qs



Example — 2

f(S) =(~@)Nds(S)
K = gfp(f)
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Example — 2

f(S) = (@) N~ (S)

K = gfp(f)
1. K is a fix point
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Example — 2

f(S) = (—®) N (S K={q|qEEG-®}
K = gfp(1)

1. K is a fix point @

2.K is the greatest fix point '
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Example — 2

£(S) = (@) N 6-(S) K={q|qkFEG-®}
K = gfp(f)
1. K is a fix point
p —> 9o
q|=EG—|
q—q = ---,q EEG~ 1
qgqe K:Jhenceq € K
gecdé 1(K)qgE- G ——{ G2

\hence q € f(K) 1
2.K is the greatest fix point

qs ——/ G



Example — 2

f(S)=(—C)nN (5_1(3)

K = gfp(f)

1. K is a fix point

(q E—
qef(K): 99— 4q,q9" FEG -
_hence q £ EG —

2.K is the greatest fix point

K={q|qFEG-

— 4o

L\

¢ ——(

e

qs ——/ G

}



Example — 2

f(S) = (~@) N s~ (S) K={q|qEFEG-O}
K = gfp(f)

1. K is a fix point DONE @

2.K is the greatest fix point
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Example — 2

f(S)=(—C)nN 5_1(3)

K = gfp(f)

1. K is a fix point DONE
2.K is the greatest fix point

Y = £(Y)
Proveqc Y = qc K

2017 © P. Hofner COMP3153

K={q|qEEG-

—> o

L\
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e
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Example — 2

f(S)= (@) Nds(S) K={q9|qFEG-@}

K = gfp(f)

1. K is a fix point DONE
—> qo

2.K is the greatest fix point
Y = f(Y)
Provege Y = qe K

g —{ g

ey |

qQs —> qa
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Example — 2

f(S)= (@) Nds(S) K={q9|qFEG-@}

K = gfp(f)

1. K is a fix point DONE
—> qo

2.K is the greatest fix point
Y = f(Y)
Provege Y = qe K

g —{ g

ey |

q € f(Y) qs ——— Qs
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Example — 2

f(S)= (@) Nds(S) K={q9|qFEG-@}

K = gfp(f)

Kis af .
1. K is a fix point DoNE —(a

2.K is the greatest fix point
Y = f(Y) 1
Provege Y = qe K

g —{ g

qkE -
o
qgeyY 1/

q € f(Y) qs ——— Qs



Example — 2

f(S)= (@) Nds(S) K={q9|qFEG-@}

K = gfp(f)

Kis af .
1. K is a fix point DoNE —(a

2.K is the greatest fix point
Y = f(Y) 1
Provege Y = qe K

g —{ g

qE -
o > @
geyY qeyY

q € f(Y) qs ——— Qs




Example — 2

f(S)= (@) Nds(S) K={q9|qFEG-@}

K = gfp(f)

1. K is a fix point DONE
—> qo

2.K is the greatest fix point
Y = f(Y) 1
Provege Y = qe K
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o 2K
qeyY qeyY
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Example — 2

f(S)= (@) Nds(S) K={q9|qFEG-@}

K = gfp(f)

1. K is a fix point DONE
—> qo

2.K is the greatest fix point
Y = f(Y) 1
Provege Y = qe K

g —{ g

qgF— q' E -
o > @ > @
QEY q,EY qHEY

qef(Y) q cfY) qs —> qa




Example — 2

f(S)= (@) Nds(S) K={q9|qFEG-@}

K = gfp(f)

Kis af .
1. K is a fix point DoNE —(a

2.K is the greatest fix point
Y = f(Y) 1
Provege Y = qe K

g —{ g

qgF-© g F-© q"E-
o > @ > @
QEY q,EY qHEY

qe f(Y) q €fY) q"¢eKY) qs —> qa




Example — 2

f(S)= (@) Nds(S) K={q9|qFEG-@}

K = gfp(f)

. Kis afi '
1. K is a fix point DoNE (=

2.K is the greatest fix point
Y = f(Y) 1
Proveqe Y = qe K
q |= L q, |= — q” |= —
o > @ N Y
qeY qecyY q'cY

qge f(Y) q €f(Y) q"cfY) g3 — qa




Example — 2

f(S)=(—0O)n 5_1(3)
K = gfp(f)
K = fk({qOJ di, q2, qs, q4})
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Example — 2

f(S) = (@) N s1(S)
K = gfp(f)
K = fk({qO! di, 92, g3, q4})
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Example — 2

f(S) = (@) N s1(S)
K = gfp(f)
K = fk({q0! di, 42, qs, q4})
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Example — 2

f(S) = (—®) N 5 1(S)
K = gfp(f)
K = fk({qOJ di, 42, 4s, q4})
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Example — 2

f(S) = (—@)Nd~(S) K={q|qEEG-@}
K = gfp(f)
K = fk({qOJ di, 42, 4s, q4}) —( qo

SO = {q05q15q25q35q4} J« \

S1 - f(SO) - {qu di1, g2, q3} g — Q2

32 = f(S1) - {q05 adi, Q2}
S; = f(Sz) = {q05 a1, q2} l /

g3 —( qa



Fix Point Characterisation of CTL



CTL Syntax

CTL Syntax
e Trueisin CTL
e X € PisinCTL
e P,Qec CIL,-Pec CTLand PA Q € CTL
e EXypisinCTLIifpisin CTL
e AXpisinCTLif pisin CTL
e A (w1 UNTIL 2)isin CTL if o1, 2 € CTL,
e E (¢4 UNTIL 2) isin CTL if o1, 2 € CTL,
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Successors/Predecessors (!)
A labeled automaton A = (Q, go, X, 6, L)

X 5 o(X)
5(X) = | J{x' | x'€ é(x)} X

xeX

5=(Y) y

s' ()= [ J{y' |y € dy')}
yeY

2017 © P. Hofner COMP3153 21



CTL Symbolic Semantics (1)
Given ¢ € CTL
[ell = {s[s F #}
o [[True]l = Q
e pc P,Ipll =L (p)

e [Pl = Q\ [P

e [PA QT =[0IPINIQAI

o [E X 1l = 6~ '([l¢1)

e [AX¢ll=Q\ (67(Q\ Iel))

2017 © P. Hofner COMP3153
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CTL Symbolic Semantics (2)

E (1 UNTIL 2) = @2 V (01 A EX E (1 UNTIL ¢5))

SI:QOQOR

Sk E (01 UNTIL ¢0p) <=
E E (o1 ©2) {s E o1 A S EEXE (@1 UNTIL ¢5)

fE(<.01 UNTIL 902)(5) = [[p2ll U ([[901]] M 5_1(5))
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CTL Symbolic Semantics (2)

E (1 UNTIL 2) = @2 V (01 A EX E (1 UNTIL ¢3))

S|=9020R

Sk E (01 UNTIL ¢0p) <=
E E (o1 ©2) {s E o1 A S EEXE (@1 UNTIL ¢5)

fE(so1 UNTIL 902)(5) = [[p2ll U ([[901]] M 5_1(5))

IE (©1 UNTIL @2)11 = Ifp(fe(p, UNTIL o))

2017 © P. Hofner COMP3153 23



Proof
fE(cm UNTIL soz)(s) = [p2]] U ([[901]] M 5_1(3))

I (o1 UNTIL ) = Hplfes, i ) 200 roves

Eo = [[E (901 UNT”— 902)]]
1. Ep is a fix point f(Eg) C Eg and Eg C f(Ep)
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Proof
fE(<P1 UNTIL soz)(s) = [0 U ([[901]] M 5_1(3))

[E (»1 UNTIL 2)]] = ’fP(fE(cm UNTIL cpz)) to be proved!

Eo = [[E (901 UNT”— 902)]]
1. Ep is a fix point f(Eg) C Eg and Eg C f(Ep)

S|=<,020R

S EE (¢ UNTIL op) <=
E E (o1 ©2) {s E o1 A S E EXE (¢1 UNTIL ¢3)

s € [[p2] OR

S € [IE (1 UNTIL 2)]] < {s € 1]l N6~ ([IE (1 UNTIL ¢2)11)
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Effective Computation
fE(o1 UNTIL )(S) = 2]l U ([[901]] M 5_1(5))

[E (1 UNTIL 2)]] = pr(fE(sm UNTIL 902))

Eo = [[E (901 UNT”— 902)]]

1. Eg Is a fix point DONE
2. Eg Is the least fix point DONE
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(L, <) a finite lattice
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Effective Computation
fE(o1 UNTIL )(S) = 2]l U ([[901]] M 5_1(5))

[E (1 UNTIL 2)]] = pr(fE(cm UNTIL 902))

Eo = [[E (901 UNT”— 902)]]

1. Eg Is a fix point DONE
2. Eg Is the least fix point DONE

(L, <) a finite lattice Ik < |L|, Ifp(f) = (L)
f:L— Lis monotonic

[E(p1 UNTIL @2)I = f*E(pr UNTIL 2)(2), kK < | Q)

2017 © P. Hofner COMP3153 26



Example

©=E @UNTIL @
f(S) =IO IUI® TN (S

2017 © P. Hofner COMP3153
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Example

o =E @UNTIL @
f(S) =IO Iu@®INns(S))
Compute Ifp(f)
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Example

o =E @UNTIL @
f(S)=I@MU@SINns(S))
Compute Ifp(f)

What is gfp(f)?

2017 © P. Hofner COMP3153
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Other Operators

Ifp(F(X)) = pX.F(X)

2017 © P. Hofner

COMP3153

gfp(f(X)) = v X.f(X)
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Other Operators

Ifp(f(X)) = uX.F(X) gfp(f(X)) = v X.f(X)

o [E(p1UNTIL@2)] = pX. D20V (Lor] N 61(X))

o [A(p1UNTIL@2)T = puX.Ie2DlU ([l N (Q\ 6 1(Q\ X))
o [EF] = pX.Mell U5~ '(X)

o [EGe] = vX.[e] N 6~ 1(X)

o [AGeT = vX.Ipll N (Q\ 5-7(Q\ X))

o [AFQD = uX.Iel U (Q\ 6-7(Q\ X))

2017 © P. Hofner COMP3153
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EF©

[EFeT = pX. Il U 6~ 1(X)

f(X)=0® DU (X)

1. What is [[EF @]?

2. What is the greatest fix point of f?

3. What is the least fix point of f?
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